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$[a, b]\subset R$ $C^{4}$ $f$ $[a, b]$ $f>0$
$y=f(x)$
$\{(x, f(x)\cos\theta, f(x)\sin\theta)|a\leq x\leq b, 0\leq\theta\leq 2\pi\}$
$S$
$[a, b]$ $\triangle$
$\triangle:a=s_{0}\leq s_{1}\leq\cdots\leq s_{n-1}\leq s_{n}=b$
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$\triangle$ $y=f(x)$
$S$ $S(\triangle)$
$f(x)$ $[a, b]$ $\varphi$
$\varphi(x)=-\frac{1}{2}f’’(x)\{(f’(x))^{2}+1\}^{-\frac{1}{2}}+\frac{1}{4}f(x)(f’’(x))^{2}\{(f’(x))^{2}+1\}^{-\frac{3}{2}}$
Definition 2.1. $[a,$ $b]$ $\triangle$ $d(\triangle)$








Theorem 2.2. $[a, b]\subset R$ $n$ $\{\triangle_{n}\}_{n=1}^{\infty}$
$\lim_{narrow}\sup_{\infty}n^{2}|S-S(\triangle_{n})|\leq\frac{\pi}{3}e(\triangle_{n})^{3}\max_{a\leq x\leq b}|\varphi(x)|$ .
$e(\triangle_{n})<\infty$
$\lim_{narrow\infty}S(\Delta_{n})=S$ .







$S$ , $\triangle_{n}$ $S(\triangle_{n})$
$S=2 \pi\int_{a}^{b}f(x)\sqrt{(f’(x))^{2}+1}dx$
$S( \Delta_{r\iota})=2\pi\sum_{n=1}^{n}l_{i- 1}^{s_{i}}(f(s_{i-1})+\frac{f(s_{i})-f(s_{i-1})}{s_{i}-s_{i-1}}(x-s_{i-1}))\sqrt{(\frac{f(s_{i})-f(s_{i-1})}{s_{i}-s_{i-1}})^{2}+1}dx$
$|p,$ $q]\subset[a, b]$ , $q$ ]
$2\pi$ $F(p, q)$
$F(p,q)= \int_{p}^{q}f(x)\sqrt{(f’(x))^{2}+1}dx-\int_{p}^{q}(f(p)+\frac{f(q)-f(p)}{q-p}(x-p))\sqrt{(\frac{f(q)-f(p)}{q-p})^{2}+1}dx$ .
$F(p, q)$ $q=p$ $0$ 1 2 $0$ Taylor
$c\in(p, q)$






$[a, b]\subset R$ $n$ $\{\triangle_{n}$ 1
$|S-S( \triangle_{n})|=2\pi|\sum_{i=1}^{n}\{\frac{1}{3!}\varphi(s_{i-1})(s_{i}-s_{i-1})^{3}+\frac{1}{4!}\frac{\partial^{4}F}{\partial s_{i}^{4}}(s_{i}, \xi)(s_{i}-s_{i-1})^{4}\}|$




li $n arrow\infty ms^{\backslash }upn^{2}|S-S(\triangle_{n})|\leq\frac{\pi}{3}e(\triangle_{n})^{3}\max_{[a,b]}|\varphi|$











$[a, b]$ $\triangle_{n}$ $i$ $s_{i}’\in$ [ $s_{i-1}$ , si]
























$x$ : $[a, b]arrow E$ Euclid $E$
$[a, b]$
$\triangle:a=s_{0}\leq s_{1}\leq\cdots\leq s_{n-1}\leq s_{n}=b$
$s_{i-1}$ , si $c_{i}$ $\triangle$ $d( \triangle)=\max\{s_{i}-s_{i-1}|1\leq i\leq n\}$
$x(s_{i-1}),$ $x(c_{i}),$ $x(s_{i})$ $r_{i}$
$K( \triangle)=\sum_{i=1}^{n}\frac{1}{r_{i}^{2}}(s_{i}-s_{i-1})$
$\int_{a}^{b}\kappa(s)^{2}ds$ $K(\triangle)$ $[a, b]$ $n$ $\{\triangle_{n}\}_{n=1}^{\infty}$
$e( \{\triangle_{n}\}_{n=1}^{\infty})=\lim s^{\backslash }upnd(\triangle_{n})narrow\infty$
e({ $\triangle$n} l)
$n$ $[a, b]$ $n$ $\mathcal{D}$
$\triangle\in \mathcal{D}$ $\triangle\mapsto|\int_{a}^{b}\kappa(s)^{2}ds-K(\triangle)|$
$\triangle_{n}\#$ $K(\triangle)$ $\Phi\ominus$ $b\int_{a}^{b}\kappa(s)^{2}ds$
3.2 Results
Theorem 3.1. $\{\triangle_{n}\}_{n=1}^{\infty}$ $[a, b]$ $n$ $e(\{\triangle_{n}\}_{n=1}^{\infty})<\infty$
$\lim_{narrow}\sup_{\infty}n^{2}|\int_{a}^{b}\kappa,(s)^{2}ds-K(\triangle_{n})|\leq\frac{1}{24}\max_{a\leq\iota\leq b}|\alpha(t)|e(\{\triangle_{n}\}_{n=1}^{\infty})^{3}$ .





Theorem 3.3. $\triangle_{n}\#$ $[a, b]$
li $m \sup_{narrow\infty}n^{2}|\int_{a}^{b}\kappa(s)^{2}$$ds$ – $K$ $( \triangle_{n}^{\#})|\leq\frac{1}{24}(\int_{a}^{b}|\alpha(t)|^{\frac{1}{3}})^{3}$ .
Theorem 3.4. $\triangle_{n}\#$ $[a, b]$ $i(1\leq i\leq n)$
$\int_{s_{i- 1}}^{s_{i}}\kappa(s)^{2}ds\geq\frac{1}{r_{i}^{2}}$
$li$ $m s^{\urcorner}upn^{2}narrow\infty|\int_{a}^{b}\kappa(s)^{2}$ $ds$ - $K$ $( \triangle_{n}^{\#})|=\frac{1}{24}(\int_{a}^{b}|\alpha(t)|^{\frac{1}{3}})^{3}$ .
3.3 Proofs




$=x”(s)\cdot x^{u}(s)+2x’’(s)\cdot x’’’(s)t+(x’’(s)\cdot x^{(4)}(s)+||x’’’(s)||^{2})t^{2}+\mathcal{R}’(t)$
$|\mathcal{R}’(t)|\leq \mathcal{M}’|t|^{3}$
$\int_{s-h}^{s+h}\kappa(t)^{2}dt=\int_{-h}^{h}\kappa(s+t)^{2}dt$
$= \int_{-h}^{h}\{\kappa(s)^{2}+2x’’(s)\cdot x’’’(s)t+(x’’(s)\cdot x^{(4)}(s)+||x’’’(s)||^{2})t^{2}+\mathcal{R}’(t)\}dt$
$= \kappa(s)^{2}2h+(x’’(s)\cdot x^{(4)}(s)+||x’’’(s)||^{2})\frac{2}{3}h^{3}+\mathcal{R}’’(h)$ .
$|\mathcal{R}’’(h)|\leq \mathcal{M}’’|h|^{4}$
$x(s-h),$ $x(s),$ $x(s+h)$ $r_{s}(h)$







$= \frac{1}{3}\alpha(s)h^{3}+\mathcal{R}^{m\prime}(h)$ $|\mathcal{R}^{m\prime}(h)|\leq \mathcal{M}^{\prime\prime\prime\prime}|h|^{4}$
$c_{i}= \frac{s_{i-1}+s_{i}}{2}$
$n^{2}| \int_{a}^{b}\kappa(s)^{2}ds-K(\triangle_{n})|$
$=n^{2}| \sum_{i=1}^{n}\{\frac{1}{3}\alpha(c_{i})\frac{1}{8}(s_{i}-s_{i-1})^{3}+\mathcal{T}(s_{i-1}, s_{i})\}|$ $|\mathcal{T}(s_{i-1}, s_{i})|\leq \mathcal{N}|s_{i}-s_{i-1}|^{4}$
$\leq\frac{n^{2}}{24}\sum_{i=1}^{n}|\alpha(c_{i})|(s_{i}-s_{i-1})^{3}+n^{2}\sum_{i=1}^{n}|\mathcal{T}(s_{i-1}, s_{i})|$
$\leq\underline{1}\max|\alpha(t)|n^{3}d(\triangle_{n})^{3}+\mathcal{N}n^{3}d(\Delta_{n})^{4}$




Proof of Theorem3.3. $|\alpha(t)|^{\frac{1}{3}}$ Lemma2.6 $\triangle_{n}^{G}:a=s_{0}<$






$\max_{[s_{i- 1},s_{i}]}|\alpha(t)|^{\frac{1}{3}}\neq 0$ $\max_{[s_{i- 1},s_{i}]}|\alpha(t)|^{\frac{1}{J’}}=0$




$\max_{[s_{i-1},s_{i}]}|\alpha(t)|$ $\epsilon=$ mi$n\{\epsilon_{i}|1\leq i\leq n\}$ $i(1\leq i\leq n)$
$\epsilon\leq\max_{[s_{i-1},s_{i}]}$ I $\alpha(t)|$
$\mathcal{N}\epsilon\leq \mathcal{N}\max_{[s_{1},s_{i}]}|\alpha(t)|$ , $\mathcal{N}\leq\frac{\mathcal{N}}{\epsilon}\max_{[s_{i-1},s_{i}]}|\alpha(t)|$
$| \mathcal{T}(s_{i-1}, s_{i})|\leq \mathcal{N}(s_{i}-s_{i-1})^{4}\leq\frac{\mathcal{N}}{\epsilon}\max_{[s_{i-1},s_{i}]}|\alpha(t)|(s_{i}-s_{i-1})^{4}$ .
$\frac{N}{\epsilon}=\mathcal{A}$











(2) $i(1\leq i \leq n)$ $\max_{[s_{i-1},s_{i}]}|\alpha(t)|^{\frac{1}{3}}=0$
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